Introduction.
Let K be a nondegenerate convex body in En. We will seek requirements on K such that its surface area is minimal compared to that of its affine transforms of the same volume. This problem has been studied for « = 2 by Behrend [l], Green [2] , and Gustin [3] . 2 . Necessary and sufficient conditions. Let S denote the surface of K, V(K) its volume and S(K) its surface area. Let E be an ellipsoid with supporting function E(u), then (3), is uniformly bounded and by Blaschke's selection theorem [4, p. 34] there exists a subsequence of the £< which converges to a convex body £*. The body E* is necessarily an ellipsoid and, by the continuity of mixed volumes, E* is a minimizing ellipsoid. Now, let A-1 be a positive definite symmetric matrix with det(-4-1) = 1. If £ is the ellipsoid with surface
(the superscript T meaning transpose) then the polar reciprocal of E with respect to the origin has distance function
The above is clear if .4-1 is a diagonal matrix and the general case follows by considering an orthogonal transformation. Consequently, (6) is the supporting function of E, see [4, p. 28] , and if £ is transformed into £* by (1) then E*(u) is found by replacing A in (6) by BABT.
Let £(£) be the function of n2 variables by given by
where EA(u) is given by (6) and A =BBT. Since BBT is positive semidefinite, (7) is defined for all B. We wish to minimize (7), with the constraint where EA(u) is given by (6).
Proof. Suppose C is the matrix of an affine transformation of type (1) (2) and (3), this is the case for B with det (£) = 1 and by the special form of (7) this may be extended to all B. We have then
Consequently, by (11), (13), (10) and (12) we conclude that a critical ellipsoid of K is carried by C into a critical ellipsoid of K*. We may, therefore, assume that the solid unit sphere is a critical ellipsoid of K and consequently that the conditions in Theorem 1 hold. Let The function 7"(a) is defined for all points a in En and has the following properties:
(1) F(c)>0 fora^O and 7"(0)=0, 3. The projection body. Green [2] has shown that for « = 2 the conditions in Theorem 1 may be replaced by the requirement that the second Fourier coefficients of the supporting function 77(cos 9, sin 6) = h(&) of K vanish. We may generalize this to «-dimensions if in place of the supporting function of K we use the supporting function a(u) of the projection body of K, see [4, p. 45] . This may be viewed as a generalization since for » = 2, <r(cos 6, sin d)=h(d+ir/2)-\-h(d -ir/2).
Theorem 3. If K is a nondegenerate convex body whose projection body has supporting function a(u), then necessary and sufficient conditions that the surface area of K be minimal among its affine transforms of volume V(K) are that
